
Geometric mechanisms enabling spin- and enantio-sensitive observables in one photon
ionization of chiral molecules

Philip Caesar M. Flores,1 Stefanos Carlström,1 Serguei Patchkovskii,1

Misha Ivanov,1, 2, 3 Andres F. Ordonez,1, 4, 5 and Olga Smirnova1, 3, 6

1Max-Born-Institut, Max-Born-Str. 2A, 12489 Berlin, Germany∗
2Insitute of Physics, Humboldt University zu Berlin, Berlin 12489, Germany

3Technion - Israel Institute of Technology, Haifa, Israel
4Department of Physics, Imperial College London, SW7 2BW London, United Kingdom

5Department of Physics, Freie Universität Berlin, 14195 Berlin, Germany
6Technische Universität Berlin, 10623 Berlin, Germany†

(Dated: March 16, 2026)

We examine spin-resolved photoionization of randomly oriented chiral molecules via circularly
polarized light, and revisit earlier predictions of Cherepkov (J. Phys. B: Atom. Mol. Phys. 16,
1543, 1983). We will show that the dynamical origin of spin- and enantio-sensitive observables
arise from two intrinsic mechanisms that are quantified by two pseudovectors stemming from the
geometric properties of the photoionization dipoles in spin space and in real space, and an extrinsic
mechanism which is a directional bias introduced by the well-defined direction of light polarization.
These mechanisms arise solely from electric dipole interactions. Consequently, this means that the
ten independent parameters that was earlier predicted by Cherepkov to fully describe spin-resolved
photoionization of chiral molecules can be reduced as moments of these three pseudovectors. We also
find that the molecular pseudoscalars describing the spin- and enantio-sensitive components of the
yield can be described by the flux of these pseudovectors through the energy shell, which changes sign
upon switching enantiomers. Our results provide compact expressions for these observables which
provide an intuitive picture on what determines the strength of these spin- and enantio-sensitive
observables. The approach can be readily generalized to photoexcitation, multiphoton processes,
and arbitrary field polarizations. Regardless of the specific driving conditions, the resulting spin-
and enantio-sensitive observables are still controlled by the same three pseudovectors, underscoring
their universal role as the primary generators of chirality-induced spin asymmetries, emphasizing
their fundamental geometric origin and the universality of the mechanism identified here.

I. INTRODUCTION

Chirality plays a fundamental role in molecular
physics, chemistry, and biology, manifesting itself as ob-
servables that change sign upon reversal of the molecular
chirality. In photoionization, the most prominent exam-
ple is photoelectron circular dichroism (PECD) wherein
an ensemble of randomly oriented chiral molecules is ion-
ized by circularly polarized light [1]. This results to a
forward-backward asymmetry in the photoelectron an-
gular distribution even within the electric-dipole approx-
imation. PECD was first predicted for one-photon ion-
ization by Ritchie in 1976 [2], and later rediscoverd by
Cherepkov in 1982 [3]. Following early quantitative cal-
culations of the expected effect [4], the first measurement
was done by Böwering [5] and was dramatically advanced
in Refs. [6–8]. Subsequent demonstration of PECD in
multiphoton ionization [9, 10], strong-field regimes [11],
and other polarization geometries such as elliptically po-
larized light [12] and bichromatic laser fields [13] cements
the status of PECD as a truly universal probe [1], and
has been shown to yield strong enantiosensitive signals
across several molecular species [14–22].
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While PECD reveals enantiosensitive asymmetries in
the orbital angular distribution of the emitted electron,
the photoelectron also carries an intrinsic spin degree
of freedom. Even within the electric–dipole approxi-
mation, photoionization of chiral molecules can gener-
ate spin-polarized electrons without invoking magnetic
interactions of the light field. Spin polarization by one
photon ionization of atoms was pioneered by Fano [23],
extended to resonant multiphoton ionization by Lam-
bropolous [24] and to tunneling ionization by Barth and
Smirnova [25]. The interplay between molecular chirality,
spin–orbit coupling, and the outgoing scattering dynam-
ics thus opens an additional channel of enantiosensitive
response. Moreover, the discovery of chirality induced
spin selectivity (CISS) [26], wherein molecular chiral-
ity governs spin polarization, has reinvigorated the field
and posed questions about the dynamical origins of spin-
chirality coupling [27]. Understanding how spin polar-
ization emerges — and how it relates to the underlying
electric-dipole transition amplitudes — provides deeper
insight into the geometric and dynamical origin of chiral
photoionization.

A general description for the spin-resolved one-
photoionization of randomly oriented chiral molecules
was pionered by Cherepkov [28], and showed that ten
independent parameters are required to fully character-
ize all allowed spin and momentum resolved observables.
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FIG. 1. Specification of coordinates in the laboratory frame.
The light field propagates along ẑ. The unit vector Ξ̂ = ξẑ
(solid red) is the direction of photon spin, where ξ = ±1 is
a dichroic parameter characterizing the direction of rotation
of the light polarization vector. Upon ionization, the pho-
toelectron is ejected in the direction of k̂ (solid green) with
its spin measured parallel to ŝ (solid blue). The expansion

WL(k̂L, ŝL), Eq. (11a) is represented by the the solid green
and dashed blue vectors.

Thereby, establishing that spin-resolved photoionization
of chiral molecules is a fundamentally richer problem
than its achiral counterpart, while at the same raises the
question on the dynamical origin of the resulting spin-
and enantio-sensitive observables.

In the case of PECD as well as other enantio-sensitive
observables, these can be accessed via the multipolar ex-
pansion of the photoelectron angular distribution

W (k̂) =
∑
ℓ,mℓ

bℓ,mℓ
Yℓ,mℓ

(k̂), (1)

where, k̂ is the photoelectron momentum, and Yℓ,mℓ
are

the complex-valued spherical harmonics. The non-zero
coefficients bℓ,mℓ

will depend on the selection rules for
a given setup and the enantio-sensitivity arises from the
interference of the continuum partial waves embedded in
them (see for example Ref. [29]). The dynamical origin of
these enantiosensitive observables in one or multiphoton
ionization is addressed by geometric magnetism [30] (for
the case of photoexcitation see Refs. [31, 32]). Its central
object is the geometric propensity field:

B⃗k⃗ ≡ iD⃗∗
k⃗
× D⃗k⃗, (2)

where, D⃗k⃗ is the photoelectron dipole field. The propen-
sity field underlies several classes of such observables that
originate from its multipole moments [30].

Here, we revisit the pioneering work of Cherepkov [28]
and extend the methods developed in Ref. [33] to include
the photoelectron spin degree of freedom. We will show
that the dynamical origins of the such observables arise
from two intrinsic mechanisms that are quantified by two

pseudovectors stemming from the geometric properties
of the photoionization dipoles in spin space and in real
space, and an extrinsic mechanism which is a directional
bias introduced by the well-defined direction of light po-
larization. Specifically, we will show that the ten param-
eters earlier predicted by Cherepkov can be expressed as
moments of these three pseudovectors.
The rest of the paper is outlined as follows. In Sec.

II, we provide a brief review of Cherepkov’s appraoch.
In Sec. III we closely follow Cherepkov’s approach and
adopt the vectorial formulation that was applied in Refs.
[33, 34] to provide a unified description of spin-polarized
chiral electric-dipole response. In Secs. IV and V, we
use synthetic chiral argon [35] as toy model to provide
a physical picture the geometric mechanisms and pho-
toionization parameters. Last, we conclude in Sec. VI.

II. REVIEW OF CHEREPKOV’S METHOD

Using perturbation theory, the full spinor electron
wave-function at the end of the ionizing pulse is1:

|ψ⟩ = |ψo⟩+
∑
I,µL

∫
dΘM

k cI,⃗kM ,µL |IΨ(−)

I,⃗kM ,µL
⟩, (3)

where, I denotes the ion channel, |Ψ(−)

I,⃗kM ,µL
⟩ are fully

spin-orbit coupled continuum states which are the two
components of a spinor-valued scattering solution with
opposite projections of spin (µL = ± 1

2 ) onto the labora-

tory z-axis ẑL, and subject to the orthogonality condition

⟨I1Ψ(−)

I1 ,⃗kM
1 ,µL

1

|I2Ψ(−)

I2 ,⃗kM
2 ,µL

2

⟩ = δI1,I2δ(k⃗
M
1 − k⃗M

2 )δµL
1 ,µL

2
.

(4)

For one-photon ionization:

cI,⃗kM ,µL = i
(
D⃗L

I,⃗kM ,µL · E⃗L
)
, (5a)

D⃗L
I,⃗kM ,µL = ⟨IΨ(−)

I,⃗kM ,µL
|d⃗L|ψ0⟩ (5b)

where, D⃗L
I,⃗kM ,µL

is the transition dipole matrix element,

and E⃗L is the light field. Upon ionization, the photo-
electron is ejected in the direction k̂L while its spin is
measured along the direction of ŝL (see Fig. 1).
Consider a circularly polarized light

E⃗L =
EL

ω√
2
(x̂L + iξŷL), (6)

1 The superscripts L and M will be used to indicate quantities that
are defined in the laboratory and molecular frame, respectively.
Vectors that are defined in the molecular frame are transformed
to the laboratory frame via the Euler rotation matrix Rρ, i.e.,
a⃗L = Rρa⃗M .
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where, ξ = ±1 is a dichroic parameter characterizing the
direction of rotation of the light polarization vector. To
obtain the momentum- and spin-resolved photoionization
yield, the dipole operator is first transformed from the
laboratory to the molecular frame, i.e.,

d⃗L · E⃗L =

√
4π

3
rLEL

ωY1,ξ(Θ
L)

=

√
4π

3
rLEL

ω

∑
ξ′

D1
ξ′,ξY1,ξ′(Θ

M ), (7)

where, DJ
mj ,m′

j
is the Wigner-D matrix. Next, the spatial

part of the photoelectron wavefunction is transformed
from the molecular frame to the laboratory frame while
the spin function the other way around, i.e.,

|IΨ(−)

I,⃗kM ,µL
⟩ = |Iψ(−)

I,⃗kM ,µL
⟩|χµL⟩

=
∑
ℓ,m′

∣∣∣Iφ(−)

I,ℓ,m′,µLY
∗
ℓ,m′(k̂M )

〉
|χµL⟩

=
∑

D
1/2

µM ,µLDℓ
m′,mY

∗
ℓ,m(k̂L)|Iφ(−)

I,ℓ,m′,µM ⟩|χµM ⟩. (8)

The first line follows from the assumption that the photo-

electron wavefunction |Ψ(−)

I,⃗kM ,µL
⟩ can be factorized into

its spatial component |ψ(−)

I,⃗kM ,µL
⟩ and spinor component

|χµL⟩ in the asymptotic scattering region. Meanwhile,

the second line presents the standard partial wave ex-
pansion of the spatial component of the photoelectron
wavefunction, and the last line imposes that the phase

of φ
(−)

I,ℓ,m′,µM must depend on the spin-projection |χµM ⟩.
The primed and unprimed indices indicate values in the
molecular and laboratory frame, respectively.
The photoionization yield for a given molecular ori-

entation WL(k̂L, ŝL, ρ) is then obtained by taking the

average of the spin-projection operator P̂ŝL :

WL(k̂L, ŝL, ρ) =
4π

3
|EL

ω |2
∑

⟨IΨ(−)

I,⃗kM ,µL
2

|rY1,ξ|ψo⟩

P̂ŝL⟨ψo|rY ∗
1,ξ|IΨ

(−)

I,⃗kM ,µL
1

⟩, (9a)

P̂ŝL =
1

2
(I+ ŝL · σ̂L) (9b)

where, P̂ŝL is the spin projection operator with respect to
ŝL, and σ̂L is the vector of Pauli spin matrices. Equation
(9a) is then averaged over all molecular orientations

WL(k̂L, ŝL) =

∫
dρWL(k̂L, ŝL, ρ) (10)

in which, ρ ≡ αβγ are the Euler angles, and
∫
dρ ≡

1
8π2

∫ 2π

0
dα
∫ π

0
dβ sinβ

∫ 2π

0
dγ.

Using Eqs. (7)-(10), Cherepkov obtained the momen-
tum and spin-resolved photoionization yield in a form
reflecting the kinematic properties of the photoelectrons

WL(k̂L, ŝL) =
∑

AL,ML,S,MS
YL,ML

(k̂L)YS,MS
(ŝL), (11a)

AL,ML,S,MS
=
4π

√
2π

3
|EL

ω |2
∑

(−1)m
′
2+ξ′−ξ+µ′

2−1/2(2J + 1)

√
(2ℓ1 + 1)(2ℓ2 + 1)(2L+ 1)

4π

×
(
ℓ2 ℓ1 L
0 0 0

)(
ℓ2 ℓ1 L
m′

2 −m′
1 M ′

L

)(
1 1 J
ξ′′ −ξ′ −M ′

J

)(
1 1 J
ξ −ξ 0

)
×
(

1
2

1
2 S

µ′
2 −µ′

1 M ′
S

)(
L S J
M ′

L M ′
S M ′

J

)(
L S J

−ML −MS 0

)
(D

ℓ1,m
′
1,µ

′
1

ξ′ )∗D
ℓ2,m

′
2,µ

′
2

ξ′′ , (11b)

wherein, the quantities enclosed by large parenthe-

sis are Wigner 3j-symbols. Here, Dℓ,m′,µ′

ξ′ =

⟨Iφ(−)
I,ℓ,m′,µ′ |rYξ′ |ψi⟩ is the reduced transition dipole ma-

trix element which is now completely defined in the
molecular frame.

The nonzero values for AL,ML,S,MS
are deduced from

the properties of the 3j-symbols, i.e., 0 ≤ L ≤ 3, 0 ≤ S ≤
1, 0 ≤ J ≤ 2, and ML +MS = 0. Explicit evaluation
of AL,ML,S,MS

will lead to thirteen terms in Eq. (11a),

however, only ten are relevant because of the relations:

A2,1,1,−1 +A2,−1,1,1 = −
√
3A2,0,1,0 (12a)

A3,1,1,−1 = A3,−1,1,1 = −
√

2

3
A3,0,1,0. (12b)

The spherical harmonics YL,ML
(k̂L)YS,MS

(ŝL) are then expressed in vector form such that Eq. (11a) can be written
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as

WL(k̂L, ŝL) =
σcross
8π

{
1− β

2

[
3(k̂L · Ξ̂L)2 − 1

]
+A(ŝL · Ξ̂L)− η(Ξ̂L · ŝL × k̂L)(k̂L · Ξ̂L)

− γ

[
3

2
(k̂L · ŝL)(k̂L · Ξ̂L)− 1

2
(ŝL · Ξ̂L)

]
+D(k̂L · Ξ̂L) + C(Ξ̂L · ŝL × k̂L)

+ B1(k̂
L · ŝL) +B2(k̂

L · Ξ̂L)(ŝL · Ξ̂L) +B3(k̂
L · Ξ̂L)2(k̂L · ŝL)

}
(13)

σcross =2A0,0,0,0 (14a)

β =−
√
5
A2,0,0,0

A0,0,0,0
(14b)

A =
√
3
A0,0,1,0

A0,0,0,0
(14c)

η =i
3
√
5

2

(A2,−1,1,1 −A2,1,1,−1)

A0,0,0,0
(14d)

γ =−
√
15
A2,0,1,0

A0,0,0,0
(14e)

D =
√
3
A1,0,0,0

A0,0,0,0
(14f)

C =− i
3

2

(A1,−1,1,1 −A1,1,1,−1)

A0,0,0,0
(14g)

B1 =− 3

2

 (A1,−1,1,1 +A1,1,1,−1) +
√

7
3A3,0,1,0

A0,0,0,0

 (14h)

B2 =
3A1,0,1,0 +

3
2 (A1,−1,1,1 +A1,1,1,−1)−

√
21A3,0,1,0

A0,0,0,0
(14i)

B3 =
5
√
21

2

A3,0,1,0

A0,0,0,0
(14j)

where, Ξ̂L = −i(E⃗L∗ × E⃗L)/|E⃗L|2 = ξẑL is the direction of photon spin2. See Appendix A for details.

The parameters {β,A, η, γ} are non-zero for both
atoms and molecules, and the explicit form for the atomic
case are provided in Ref. [37]. Meanwhile, the pa-
rameters {D,C,B1, B2, B3} are only non-zero for chiral
molecules. Moreover, the contribution of the parameters
{A, γ,D,C} vanishes for linearly polarized light. Cherep-
kov and colleagues have also calculated spin polarization
in various atoms shedding light on dynamical origins of
coefficients {A, γ} and observed excellent agreement of
their calculations with the experiments (see book chap-
ter for pertinent references [38]).

While this framework is formally complete and pro-
vides a kinematic picture of spin-resolved photoioniza-
tion, the dynamical properties and origin of the enantio-
sensitive remain hidden. An intuitive picture for the
enantio-sensitive parameters would be to express the pa-
rameters {D,C,B1, B2, B3} as pseudoscalars that change

2 There are errors for the parameters {η,D,C,B1, B2} in the orig-
inal expressions of Cherepkov (see Eq. 9 of Ref. [28]) which
we have corrected here. The relation of η to AL,ML,S,MS

is not
listed in Ref. [28] but can be found in Eq. 87 of Ref. [36]. Specif-
ically, η and C had wrong signs, D was missing the factor

√
3,

B1 should have the term +
√

7/3A3,0,1,0, and B2 should have
+3A1,0,1,0

change sign upon switching enantiomers. For the case
of PECD, the expression derived by Ritchie [2] can be
equivalently written as3

b1,0 ∝
∫
dΘk

[
k⃗ ·
(
iD⃗∗

k⃗
× D⃗k⃗

)]
(15)

which allows for a physically transparent picture regard-
ing the strength of the PECD signal [34], i.e., the strength
of PECD is proportional to the flux of the geometric
propensity field through the surface of the energy shell.
This now raises the question on whether a similar intu-
itive procedure can be done for Eq. (14) which we address
in the next section.

III. VECTORIAL FORMULATION OF THE
PHOTOIONIZATION PARAMETERS

Let us now adopt the vectorial formulation [33, 34] into
Cherepkov’s approach [28]. Here, we will show that the
dynamical origin of spin- and enantio-sensitive photoion-
ization observables arise from two intrinsic spin-resolved

3 Here, all quantities are defined in the molecular frame.
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quantities which are quantified by the spin-resolved tran-

sition dipoles D⃗M
k⃗M ,µM

:

(
B⃗M
k⃗M

)
µM
1 ,µM

2

= iD⃗M∗
k⃗M ,µM

1

× D⃗M
k⃗M ,µM

2

, (16a)

S⃗M
k⃗M =

∑
µM
1 ,µM

2

(
D⃗M∗

k⃗M ,µM
1

· D⃗M
k⃗M ,µM

2

)
σ̂µM

2 ,µM
1

(16b)

and an extrinsic mechanism which is the directional bias
that is introduced by the well-defined direction of light
polarization(

K⃗M
k⃗M

)
µM
1 ,µM

2

= D⃗M∗
k⃗M ,µM

1

(
k̂M · D⃗M

k⃗M ,µM
2

)
. (16c)

Consequently, this means that the photoionization pa-

rameters, Eq. (14), can be expressed as moments of B⃗M
k⃗M

,

S⃗M
k⃗M

, and K⃗M
k⃗M

with respect to the momentum k̂M and

spin operator σ̂M . This effectively reduces the number of
relevant quantities from ten to only three, which allows
us to shed light on the dynamical origins of these param-
eters. The full details of the succeeding calculations are
presented in Appendix B.

It will be convenient to only rotate the photoelectron’s
spin function from the laboratory to molecular frame,

|χµL⟩ =
∑
µM

D
1/2

µL,µM |χµM ⟩ (17)

where,

D1/2 =

e−i(α+γ)/2 cos
(

β
2

)
−e−i(α−γ)/2 sin

(
β
2

)
ei(α−γ)/2 sin

(
β
2

)
ei(α+γ)/2 cos

(
β
2

)  .
(18)

Next, we express the spin projection operator P̂ŝL in
terms of the spherical harmonics Yℓs,ms(ŝ

L), such that,

P̂ŝL =
1

2

1 +
√

4π

3
Y1,0(ŝ

L)

√
8π

3
Y1,−1(ŝ

L)

−
√

8π

3
Y1,1(ŝ

L) 1−
√

4π

3
Y1,0(ŝ

L)

 . (19)

In this representation, the photoionization matrix ele-
ment is now

⟨ψo|(d⃗L · E⃗L)∗|IΨ(−)

I,⃗kM ,µL
⟩

=⟨ψo|(d⃗L · E⃗L)∗|IΨ(−)

I,⃗kM ,µL
⟩

=
∑
µM

D
1/2

µL,µM (D⃗L∗
k⃗M ,µM · E⃗L∗) (20)

where, D⃗L
k⃗M ,µM

≡ ⟨IΨ(−)

I,⃗kM ,µM
|d⃗L|ψo⟩. For brevity, we

will drop the index I that denotes the ion channel.

Repeating the same steps in which the photoioniza-
tion rate for a given molecular orientation is obtained by
taking the average of the spin projection operator, we get

WL(k̂L, ŝL, ρ) =
∑
ℓs,ms

WL
ℓs,ms

(k̂L, ρ)Yℓs,ms
(ŝL) (21)

where, WL
ℓs,ms

(k̂L, ρ) is the ‘spin-weighted’ yield:

WL
ℓs,ms

(k̂L, ρ)

=
∑

µM
1 ,µM

2

(−1)ms

√
π

2ℓs + 1
Λ
(ℓs,ms)

µM
2 ,µM

1

×
(
D⃗L∗

k⃗M ,µM
1

· E⃗L∗
)(

D⃗L
k⃗M ,µM

2

· E⃗L
)

(22a)

Λ
(ℓs,ms)

µM
2 ,µM

1
=

{
δµM

1 ,µM
2

; ℓs = 0(
σ̂L
µM
2 ,µM

1
· ϵ̂L−ms

)
; ℓs = 1

(22b)

σ̂L
µM
2 ,µM

1
≡ ⟨χµM

2
|σ̂L|χµM

1
⟩, (22c)

ϵ̂L0 = ẑL , ϵ̂L±1 =
∓(x̂L ± iŷL)√

2
. (22d)

The momentum and spin resolved photoionization yield
is finally obtained by taking the average over all molecu-
lar orientations,

WL(k̂L, ŝL) =
∑
ℓs,ms

∫
dρWL

ℓs,ms
(k̂L, ρ)Yℓs,ms

(ŝL) (23)

The first term of Eq. (23), ℓs = ms = 0, is the usual
momentum-resolved photoionization yield and is not sen-
sitive to spin measurement since it takes the sum of
the contributions from spin-up and down photoelectrons.
The effects of taking the photoelectron spin into consid-
eration is now encapsulated in the terms ℓs = 1.
Since WL(k̂L, ŝL) depends on two directions, we can

equivalently perform a multipolar expansion

WL(k̂L, ŝL) =
∑

bℓ,mℓ,ℓs,msYℓ,mℓ
(k̂L)Yℓs,ms(ŝ

L), (24)

wherein, the coefficients bℓ,mℓ,ℓs,ms
now encode any infor-

mation about the molecule and ionizing field. Comparing
Eqs. (21) and (24) we see that

bℓ,mℓ,ℓs,ms
=

∫
dΘL

kY
∗
ℓ,mℓ

(k̂L)

∫
dρWL

ℓs,ms
(k̂L, ρ), (25)

where,
∫
dΘL

k is the integral over all photoelectron di-
rections. Using the definition of a rotated function,
WL

ℓs,ms
(k̂L, ρ) = WM

ℓs,ms
(k̂M , ρ), we can equivalently

write WM
ℓs,ms

(R−1
ρ k̂L, ρ) = WL

ℓs,ms
(k̂L, ρ), wherein, Rρ

is the Euler rotation matrix that takes vectors from the
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molecular frame to the lab frame4. Thus, Eq. (25) now
takes the form

bℓ,mℓ,ℓs,ms =

∫
dρ

∫
dΘL

kY
∗
ℓ,mℓ

(k̂L)WM
ℓs,ms

(R−1
ρ k̂L, ρ)

=

∫
dΘM

k

∫
dρY ∗

ℓ,mℓ
(Rρk̂

M )WM
ℓs,ms

(k̂M , ρ),

(26)

which follows from the change of variable k̂L = Rρk̂
M .

Note that when written in component form, the tran-

sition dipole D⃗L
k⃗M ,µM

and σ̂L
µM ,νM both transform as

rank-1 tensors according to the Wigner matrix D(1)(ρ),

while the spherical harmonic Yℓ,mℓ
(k̂L) transforms as a

rank-ℓ tensor according to D(ℓ)(ρ). It then follows from
the orthogonality relations of the Wigner matrices that
bℓ,mℓ,0,0 = 0 when ℓ > 2 while bℓ,mℓ,1,ms = 0 when ℓ > 3.
For circularly polarized light, explicit evaluation of Eq.
(26) will lead to thirteen non-vanishing bℓ,mℓ,ℓs,ms since
the cylindrical symmetry of Eq. (24) around ẑL con-
strains bℓ,mℓ,ℓs,ms

to vanish when mℓ +ms ̸= 0, i.e., the
non-vanishing coefficients are {bℓ≤2,0,0,0, bℓ≤3,mℓ,1,−mℓ

}.
To evaluate the orientation averaging

∫
dρ in Eq. (26),

note that the spherical harmonics Yℓ,mℓ
(k̂L) are simply

polynomials of {kx, ky, kz} such that the relevant inte-
grals will have the general form

I =

∫
dρΛ

(ℓs,ms)

µM
2 ,µM

1

(
D⃗L∗

k⃗M ,µM
1

· E⃗L∗
)(

D⃗L
k⃗M ,µM

2

· E⃗L
)

× (k̂L · x̂L)p(k̂L · ŷL)q(k̂L · ẑL)r (27)

where, p + q + r ≤ ℓ. The vectors in Eq. (27) can

be grouped into two sets, i.e., {x̂L, ŷL, ẑL, ϵ̂Lms
, E⃗L}

which are fixed in the laboratory frame, and

{k̂M , D⃗M
k⃗M ,µM

, σ̂M
µM
2 ,µM

1
} which are fixed in the molecular

frame but appear above to be rotated into the labora-
tory frame (a⃗L = Rρa⃗

M ). This now allows us to use the
technique in Ref. [40] such that evaluating Eq. (27) will
have the general form I =

∑
ij giMijfj , where, gi and fj

are rotational invariants that are formed from the set of
vectors fixed in the molecular and laboratory frame, re-
spectively, while Mij are coupling constants between the
molecular and laboratory rotational invariants.
Performing the necessary operations, Eqs. (14a)-(14j)

can now be expressed (see Appendix C for the proof) in
a compact form that highlights their dynamical origin5:

σcross =
1

3
S0

∣∣∣E⃗L
∣∣∣2 (28a)

β =− 1

2
+

3

2S0

∫
dΘk Tr

(
k̂ · K⃗k⃗

)
(28b)

A =
1

2S0

∫
dΘk Tr

(
σ̂ · B⃗k⃗

)
(28c)

η =
3

2S0

∫
dΘk Re

[
k̂ · Tr

(
σ̂ × K⃗k⃗

)]
(28d)

γ =
1

2So

∫
dΘk Tr

[(
k̂ × σ̂

)
·
(
k̂ × B⃗k⃗

)
− 2

(
k̂ · σ̂

)(
k̂ · B⃗k⃗

)]
(28e)

D =
3

2S0

∫
dΘk

[
k̂ · Tr

(
B⃗k⃗

)]
(28f)

C =
3

4S0

∫
dΘk

[
k̂ · Tr

(
σ̂ × B⃗k⃗

)]
(28g)

B1 =
3

4S0

∫
dΘk

{(
k̂ · S⃗k⃗

)
+Tr

[(
k̂ · σ̂

)(
k̂ · K⃗k⃗

)]}
(28h)

B2 =− 3

2S0

∫
dΘk Tr

{
Re
[(

k̂ × σ̂
)
·
(
k̂ × K⃗

)]}
(28i)

B3 =
3

4S0

∫
dΘk

{(
k̂ · S⃗k⃗

)
+Tr

{
2Re

[(
k̂ × σ̂

)
·
(
k̂ × K⃗

)]
− 3

(
k̂ · σ̂

)(
k̂ · K⃗k⃗

)}}
(28j)

4 This follows from the definition of a rotated function [39],

wherein WL(k̂L, ŝL, ρ) = WM (k̂M , ŝM , ρ). Moreover, note that
µM refers to either spin up or down in z-axis of the molecular
frame ζ̂M . Thus, to rotate σ̂M

µM
2 ,µM

1

from the molecular frame

to the laboratory frame we have σ̂L
µM
2 ,µM

1

= Rρσ̂M
µM
2 ,µM

1

.

5 Here, we omit the superscript M since all quantities are defined
in the molecular frame.

where, the trace is performed in spin-space, and S0 de-
notes the total yield:

S0 =
∑
µ

∫
dΘk

∣∣∣D⃗k⃗,µ

∣∣∣2 (29)

The standard momentum-resolved photoioniation of
chiral molecules via circularly polarized light are de-
scribed by the cross-section σcross, angular asymme-
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FIG. 2. The momentum-resolved propensity field B⃗k⃗, Eq.

(34), in k-space for the chiral state |ψ±
1,− 1

2

⟩p. The spheres

correspond to B⃗k⃗ with |⃗k| = 0.525Bohr−1 where the vec-

tors are colored as |B⃗k⃗|. The two-dimensional vector fields
represent an equatorial cut in the kx − ky plane and colored

according to its radial component (k̂ · B⃗k⃗). It can be seen
that the propensity field for opposite enantiomers R and S

are related via inversion B⃗
(R)

k⃗ = B⃗
(S)

−k⃗ .

try parameter β, and PECD D. The inclusion of the
photoelectron spin gives seven additional parameters
{A, η, γ, C,B1, B2, B3} which are all proportional to the
spin operator σ̂.

The parameters, Eq. (28), are driven by B⃗k⃗, S⃗k⃗, and

K⃗k⃗, however, notice that B⃗k⃗ does not appear with ei-

ther S⃗k⃗ or K⃗k⃗. Additionally, B⃗k⃗ drives the parameters
{A, γ,D,C} which are the dicrhoic parts of the yield

WL(k̂L, ŝL), while S⃗k⃗ and K⃗k⃗ drives the non-dicrhoic

part [see Eq. (13)]. Thus, B⃗k⃗ will only appear for
light fields with a fixed polarization plane, e.g. circu-

lar and elliptically polarized light, while S⃗k⃗ and K⃗k⃗ for
arbitrary light fields. The enantio-sensitive parameters
{D,C,B1, B2, B3} can be rewritten as the flux of an ef-

fective pseudovector involving {B⃗k⃗, S⃗k⃗, K⃗k⃗}, and using
the relations Eq. (30) this flux is a pseudoscalar that
changes sign upon switching enantiomer.

Equation (28) now makes the enantio-sensitivity of
the parameters {D,C,B1, B2, B3} physically transpar-
ent. For opposite enantiomers R and S, the transition

dipoles are related as D⃗
(R)

k⃗,µ
= −D⃗

(S)

−k⃗,µ
which implies the

following relations:

B⃗(R)

k⃗
= B⃗(S)

−k⃗
(30a)

FIG. 3. The coefficient D (solid line) as well as the contri-
butions of the spin-up (dashed line) and spin-down (dotted-
dashed line), Eq. (34), for the chiral states |ψ±

1,− 1
2

⟩p and

|ψ±
−1, 1

2

⟩p. The rapidly oscillating behavior of D at higher val-

ues of k are due to the Fano resonances, leading up to the
ionization threshold for the 3s electrons [41, 42].

S⃗
(R)

k⃗
= S⃗

(S)

−k⃗
(30b)

K⃗(R)

k⃗
= −K⃗(S)

−k⃗
(30c)

To illustrate, consider the parameter C as follows

C(R) =
3

4S0

∫
dΘk

[
k̂ · Tr

(
σ̂ × B⃗(S)

−k⃗

)]
=− 3

4S0

∫
dΘk

[
k̂ · Tr

(
σ̂ × B⃗(S)

k⃗

)]
= −C(S)

(31)

which exactly behaves as a pseudoscalar that changes
sign upon changing enantiomer. Similarly, consider the
non-enantiosensitive parameter A,

A(R) =
1

2S0

∫
dΘk Tr

(
σ̂ · B⃗(S)

−k⃗

)
= A(S) (32)

which behaves as a scalar that does not change sign upon
changing enantiomer.

IV. ENANTIO-SENSITIVE
PHOTOIONIZATION PARAMETERS

To quantify our results, we will use the same syn-
thetic chiral argon system employed in Ref. [35] to
provide a physical picture of the geometric quantitites

{B⃗k⃗, S⃗k⃗, K⃗k⃗} as well as quantify the parameters Eq.
(28). Synthetic chiral argon is constructed by combin-
ing excited-state orbitals, e.g.,

|ψ±
mℓ,µ

⟩p =
1√
2
(|4pmℓ

, µ⟩ ± |4dmℓ
, µ⟩) . (33)
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FIG. 4. The momentum-resolved spin torque field τ⃗k⃗, Eq.

(35), in k-space for the chiral state |ψ±
1,− 1

2

⟩p. The spheres cor-

respond to τ⃗k⃗ with |⃗k| = 0.525Bohr−1 where the vectors are
colored as |τ⃗k⃗|. The two-dimensional vector fields represent
an equatorial cut in the kx − ky plane and colored according

to its radial component (k̂ · τ⃗k⃗). It can be seen that the spin
torque field for opposite enantiomers R and S are related via

inversion τ⃗
(R)

k⃗
= τ⃗

(S)

−k⃗
.

which are inspired by analogous chiral hydrogenic states
[43]. Unlike hydrogen, the multielectron core potential in
argon breaks inversion symmetry but the synthetic chi-
rality is stabilized by electron correlations.

A. Propensity field

The pseudovector B⃗k⃗ is referred to as the spin-resolved
propensity field as it encodes the photoionization propen-
sity rules. It is a matrix in spin space, and serves as the
natural extension of the geometric propensity field for
spinless systems, Eq. (2). As can be seen from Eqs. (13)

and (28), the pseudovector B⃗k⃗ drives the dichroic and

enantio-sensitive components of WL(k̂L, ŝL) described
by the parameters {D,C}.

The parameter D, Eq. (28f), describes PECD which is
equivalent to the flux of the spin-symmetric propensity
field (see Fig. 2) through the surface of a sphere with
radius k:

D =
3

2S0

∫
dΘ̂k · B⃗k⃗ (34a)

B⃗k⃗ = Tr(B⃗k⃗) =
(
B⃗k⃗

)
+ 1

2 ,+
1
2

+
(
B⃗k⃗

)
− 1

2 ,−
1
2

(34b)

FIG. 5. The coefficient C (solid line) as well as the contri-
butions of the spin-up (dashed line) and spin-down (dotted-
dashed line), Eq. (34), for the chiral states |ψ±

1,− 1
2

⟩p and

|ψ±
−1, 1

2

⟩p.

where, dΘ̂k = dΘk̂. The expression Eq. (34) is equal
to the PECD we derived in [34], as well as the original
expression derived by Ritchie [2]. The strength of the
PECD now encodes the interplay between the flux of the
propensity field corresponding to the degenerate spin-up
and spin-down photoionization channels. Figure 3 shows
a case when D is negligible because the flux of the contri-
butions from the spin-up and spin-down propensity field
has opposite signs, and an alternative case when the flux
of the spin-up propensity field is negligible.
The parameter C, Eq. (28g), is both spin- and enantio-

sensitive, and arises from the flux of a spin-torque pseu-
dovector [see Fig. 4]:

C =
3

4S0

∫
dΘ̂k · τ⃗k⃗ (35a)

τ⃗k⃗ = Tr
(
σ̂ × B⃗k⃗

)
= τ⃗

(up)

k⃗
+ τ⃗

(down)

k⃗
+ τ⃗

(coh)

k⃗
, (35b)

and describes how the molecular geometry imparts a

torque on the photoelectron spin. The terms τ⃗
(up)

k⃗
,

τ⃗
(down)

k⃗
, and τ⃗

(coh)

k⃗
arise from the spin-up, spin-down,

and coherence terms of the propensity field B⃗k⃗. Alterna-
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tively, C can be rewritten as

C =
3

4S0

∫
dΘk Tr

[
B⃗k⃗ ·

(
k̂ ×∇kY

)]
(36a)

Y =

√
4π

3

[
Y1,0(k̂)

√
2Y1,−1(k̂)

−
√
2Y1,1(k̂) −Y1,0(k̂)

]
(36b)

which shows that it is a multipole moment of the

transversal part of the spin-resolved propensity field B⃗k⃗,

The contribution of C to the yield WL(k̂L, ŝL) be-

comes maximal when the photoelectron momentum k̂L,
spin-detection axis ŝL, and photon spin Ξ̂L are mutu-
ally orthogonal [see Eq. (13)]. Therefore, C drives a
spin-polarization vortex in the polarization plane that
rotates in opposite direction for opposite enantiomers,
which is reminiscent of the Rashba effect in solids. Fig-
ure 5 shows that the coherence between the spin-up and
spin-down channels play a significant role on the strength
of C. Figure 6 shows the relative strength of the param-
eters D and C and that the transversal spin-polarization
driven by C is on the same order as PECD, and can even
be significantly larger, i.e., 0.26D ≤ C ≤ 1.15D for the
states |ψ±

1,− 1
2

⟩p and C ≥ 1.69D for the states |ψ±
−1, 12

⟩p.

B. Bloch vector

The pseudovector S⃗k⃗ is referred to as the momentum-
resolved photoionization Bloch vector introduced in Ref.
[35], i.e.,

S⃗M
k⃗M =

∑
µM
1 ,µM

2

(
D⃗M∗

k⃗M ,µM
1

· D⃗M
k⃗M ,µM

2

)
σ̂µM

2 ,µM
1

=Tr(ϱ̃σ̂). (37)

where, ϱ̃ is the reduced density matrix of a two-level
spin-1/2 system associated with a given photoelectron
energy. Mathematically, it is obtained by performing a
partial trace over the spatial contiuum states and degen-
erate ion channels, then performing orientation averaging
over random molecular orientations. Figure 7 shows that

the Bloch vector S⃗k⃗ exhibits a vortex structure, thereby
highlighting the importance of the coherence between the
spin-up and spin-down channels. Meanwhile, we refer to

the quantity K⃗k⃗ as an asymmetry pseudovector since it
appears in the asymmetry parameter β for momentum-
resolved photoionization.

As can be seen from Eqs. (13) and (28), the pseu-

dovectors S⃗k⃗ and K⃗k⃗ drive the non-dichroic and enantio-

sensitive components of WL(k̂L, ŝL) described by the
parameters {B1, B2, B3}. The parameters B1 and B3

can both be rewritten as the flux of an effective effective
Bloch pseudovector S⃗

(eff)

k⃗
involving S⃗k⃗ and K⃗k⃗, while B2

is purely the flux of the asymmetry pseudovecor, i.e.,

B1 =
3

4S0

∫
dΘ̂k · S⃗(eff,1)

k⃗
(38a)

FIG. 6. The ratio |D/C| which shows the relative strength
of the transversal spin-polarization driven by the parameter
C compared to the strength of PECD driven by D for the
states |ψ±

1,− 1
2

⟩p (solid line) and |ψ±
−1, 1

2

⟩p (dashed line) for

0.1Bohr−1 < k < 1.0Bohr−1

S⃗
(eff,1)

k⃗
= S⃗k⃗ +Tr

[(
k̂ · K⃗k⃗

)
σ̂
]

(38b)

B2 = − 3

2S0

∫
dΘ̂k · K⃗k⃗ (39a)

K⃗k⃗ = Tr
{
Re
[
σ̂ ×

(
k̂ × K⃗k⃗

)]}
(39b)

B3 =
3

4S0

∫
dΘ̂k · S⃗(eff,2)

k⃗
(40a)

S⃗
(eff,2)

k⃗
= S⃗k⃗ +Tr

{
2Re

[
σ̂ ×

(
k̂ × K⃗k⃗

)]
− 3

(
k̂ · K⃗k⃗

)
σ̂
}

(40b)

These parameters are formed from the combinations of
several bℓ,mℓ,ℓs,ms

coefficients [see Eq. (14)] to obtain the
vector structure in Eq. (13), as such, these parameters
will thereby need several detector setups, and clearly, are
no longer linearly independent from each other. Specif-
ically, we see from Eq. (28) that the parameter B2 is
contained in the parameter B3.
We see from Eq. (13) that the parameter B1 describes

the helicity of the photoelectron since it projects the mea-
sured momentum k̂L onto the spin-detection axis ŝL.
The strength of this helicity signal is described by the

flux of S⃗
(eff,1)

k⃗
through the surface of the energy shell.

Since this parameter is driven by the Bloch vector, then
it will be non-zero even for the case of linearly polarized
light. The parameter B1 thereby presents a spin analog
of photoelectron vortex dichroism (PEVD) [44], wherein
the the photoelectron helicity encodes molecular chiral-
ity.
The contribution of the parameter B2 to the yield

W (k̂L, ŝL) becomes maximal when the photoelectron
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FIG. 7. The momentum-resolved Bloch pseudovector S⃗k⃗ in

k-space for the chiral state |ψ±
1,− 1

2

⟩p. The spheres correspond

to S⃗k⃗ with |⃗k| = 0.525Bohr−1 where the vectors are colored

as |S⃗k⃗|. The two-dimensional vector fields represent an equa-
torial cut in the kx − ky plane and colored according to its

radial component (k̂ ·S⃗k⃗). It can be seen that the Bloch pseu-
dovector field for opposite enantiomers R and S are related

via inversion S⃗
(R)

k⃗
= S⃗

(S)

−k⃗
.

momentum k̂L, spin-detection axis ŝL, and photon spin
Ξ̂L are collinear [see Eq. (13)]. Therefore, B2 drives
a non-dichroic PECD-like signal that is spin-polarized
along the direction of photon spin. Last, the parameter
B3 is simply a higher pole observable. Figure 8 shows the
value of the parameters {B1, B2, B3} and it can be seen
these parameters is on the same order as PECD, and can
also be significantly larger, thereby demonstrating that
spin-resolved photoionization of chiral molecules presents
alternative enantio-sensitive observables in the electric
dipole approximation that can be larger than PECD.

V. SPIN POLARIZATION PARAMETERS

As we have seen from Sec. III, the inclusion of the pho-
toelectron spin degree of freedom gives seven additional
parameters {A, η, γ, C,B1, B2, B3} which are all propor-
tional to the spin operator σ̂. Among these, we have dis-
cussed the enantio-sensitive parameters {C,B1, B2, B3}
in Sec. IV which all arise from the expansion coeffi-
cients AL,ML,LS ,−ML

wherein L is odd, see Eq. (14).
Similarly, the non-enantiosensitive parameters {A, η, γ}
all arise from the expansion coefficients AL,ML,LS ,−ML

wherein L is even. These symmetries of AL,ML,LS ,MS

FIG. 8. The coefficient B1 (solid line), B2 (dashed line), and
B3 (dotted-dashed line) for the chiral states |ψ±

1,− 1
2

⟩p and

|ψ±
−1, 1

2

⟩p.

are consistent with recent findings of Ref. [45].
Among all the spin polarization parameters, of par-

ticular interest is the coefficient A, see Eq. (28c),
which shows that the total spin polarization is non-
enantiosensitive. Formally, this is obtained by taking the
averaged value of ŝL, i.e.,

⟨ŝL⟩ =
∫
dρ
∫
dΘL

k

∫
dΘL

sW
L(k̂L, ŝL, ρ)ŝL∫

dρ
∫
dΘL

k

∫
dΘL

sW
L(k̂L, ŝL, ρ)

=

[
1

3S0

∫
dΘM

k Tr
(
σ̂M · B⃗M

k⃗M

)]
Ξ̂L

=

(
3

2
A

)
Ξ̂L, (41)

which shows that the total spin polarizaon is along the
direction of the photon spin.
The structure of Eq. (41) is reminiscent to that of

the standard magnetic susceptibility χ, where the spin

response to an external magnetic field B⃗ext is character-

ized by ⟨ŝ⟩ = χB⃗ext. Accordingly, the parameter A may
be interpreted as a geometric spin susceptibility :

χgs =
3

2
A, (42)

a measure of how geometric structure mediates spin ori-
entation in response to circularly polarized light. Fig-
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FIG. 9. The geometric spin susceptibility χgs = (3/2)A for
the chiral states |ψ±

1,− 1
2

⟩p and |ψ±
−1, 1

2

⟩p.

ure 9 shows the spin-polarization, χgs of the chiral states
|ψ±

1,− 1
2

⟩p and |ψ±
−1, 12

⟩p which can reach up to 12%.

The form of the parameter A as given in Eq. (28c)
exposes the geometric origin of spin polarization in pho-
toionization: the spin-resolved propensity field associ-
ated with photoionization acts to orient the photoelec-
tron spin. Moreover, Eq. (41) represents an anomalous
vectorial observable analogous to Class I observables in-
troduced in Ref. [30]. This observable has been experi-
mentally detected the case of multiphoton ionization [46]
as well as atomic targets in the one-photon [47].

Although the total spin polarization, A, is not enantio-
sensitive, the angular distribution of the spin polarization
is enantio-sensitive which are encapsulated in the param-
eters {C,B1, B2, B3}. Using Eq. (13), we can construct
a spin-texture that maximizes the enantio-sensitive part
of the yield W (k̂L, ŝL). This spin-texture defines the
axis in which the spin-detector should be placed for a

given photoelectron momentum k⃗ in order to obtain the
maximal enantio-sensitive and spin-polarized yield WES .
Indeed, Figure 10 shows that both WES and the direc-
tion of ŝL changes sign upon switching enantiomer. For
the chosen chiral state |ψ±

−1, 12
⟩p, we see that the spin-

texture exhibits a vortex-like structure thereby indicating
that the optimal detection scheme would be to place the
spin-detector axis ŝL perpendicular to the photoelectron
momentum k̂L.

VI. SUMMARY AND CONCLUSION

We have revisited the earlier of Cherepkov [28] re-
garding spin-resolved one-photon ionization of chiral
molecules, wherein it was shown that ten independent
parameters are required to fully describe all spin- and
momentum-resolved observables. Among these, five are
enantio-sensitive. While the framework is formally com-
plete and provides a kinematic picture of spin-resolved
photoionization, the dynamical properties and origin of

FIG. 10. Spin texture that maximizes the enantio-sensitve
part of the yield W (k̂L, ŝL) for the chiral states |ψ±

−1, 1
2

⟩p at

k = 1.055Bohr−1. The arrows are colored according to the
enantiosensitive component of the yield WES .

the enantio-sensitive parameters remain hidden.

Here, we used an alternative vector approach [33, 34]
and found that these ten parameters can all be expressed
as multipole moments of the spin-resolved propensity

field, B⃗k⃗, photoionization Bloch pseudovector, S⃗k⃗, and

asymmetry pseudovector K⃗k⃗, with respect to the mo-

mentum k̂ and spin operator σ̂. This effectively reduces
the number of relevant quantitites from ten to three.

The strength of the enantio-sensitive parameters,
{D,C,B1, B2, B3} are all described as the flux through
the energy shell of an effective pseudovectors involving

{B⃗k⃗, S⃗k⃗, K⃗k⃗}. The propensity field drives the dichroic
parameters D and C which desribes PECD and a spin-
polarization vortex in the light polarization plane which
rotates in opposite directions for opposite enantiomers.
The Bloch and asymmetry pseudovectors drive the non-
dichroic parameters {B1, B2, B3} which describes a helic-
ity signal, PECD-like signal that is spin polarized along
the direction of photon spin, and a higher multipole ob-
servable, respectively.

To quantify the strength of these parameters, we used
synthetic chiral argon as a toy model, and showed that
the spin-polarized observables {C,B1, B2, B3} can be on
the same order of magnitude as the PECD signal, and
can even be significantly larger. This demonstrates that
spin-resolved photoionization of chiral molecules provides
more possible directions for chiral discrimination.

Our results provide compact expressions for these ob-
servables which provide an intuitive picture on what de-
termines the strength of these spin- and enantio-sensitive
observables. The approach can be readily generalized
to photoexcitation, multiphoton processes, and arbitrary
field polarizations. Regardless of the specific driving con-
ditions, the resulting spin- and enantio-sensitive observ-
ables are still controlled by the same three pseudovectors,
underscoring their universal role as the primary genera-
tors of chirality-induced spin asymmetries, emphasizing
their fundamental geometric origin and the universality
of the mechanism identified here.
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Appendix A: Reconstruction of Cherpekov’s vector structure for the momentum- and spin-resolved yield

For completeness, we present the construction of Eqs. (13)-(14) based on the symmetry of the Wigner 3j-symbols
in Eq. (11), i.e.,

WL(k̂L, ŝL) =
∑

AL,ML,S,MS
YL,ML

(k̂L)YS,MS
(ŝL), (A1a)

AL,ML,S,MS
=
4π

√
2π

3
|EL

ω |2
∑

(−1)m
′
2+ξ′−ξ+µ′

2−1/2(2J + 1)

√
(2ℓ1 + 1)(2ℓ2 + 1)(2L+ 1)

4π

×
(
ℓ2 ℓ1 L
0 0 0

)(
ℓ2 ℓ1 L
m′

2 −m′
1 M ′

L

)(
1 1 J
ξ′′ −ξ′ −M ′

J

)(
1 1 J
ξ −ξ 0

)
×
(

1
2

1
2 S

µ′
2 −µ′

1 M ′
S

)(
L S J
M ′

L M ′
S M ′

J

)(
L S J

−ML −MS 0

)
(D

ℓ1,m
′
1,µ

′
1

ξ′ )∗D
ℓ2,m

′
2,µ

′
2

ξ′′ . (A1b)

The nonzero values for AL,ML,S,MS
are deduced from the triangle inequality satisfied by the following 3j-symbols:(

1 1 J
ξ −ξ 0

)
,

(
1
2

1
2 S

µ′
2 −µ′

1 M ′
S

)
,

(
L S J

−ML −MS 0

)
. (A2)

The first two 3j-symbols constrains the values of J , and S, i.e., 0 ≤ J ≤ 2, 0 ≤ S ≤ 1, respectively. This consequently
constrains the value of L, i.e., 0 ≤ L ≤ 3. Additionally, the last 3j-symbol imposes the constraint ML +MS = 0.
These conditions will lead to thirteen terms in the expansion Eq. (A1a), however, these terms are not independent
based on the symmetry of the 3j-symbol (

L S J
−ML −MS 0

)
. (A3)

Indeed, we can show that

A2,0,1,0 ∝
(
2 1 J
0 0 0

)
=

√
2

15
δJ,1 (A4)

A2,±1,1,∓1 ∝
(

2 1 J
±1 ∓1 0

)
= − 1√

10
(δJ,1 ± δJ,2) (A5)

A3,0,1,0 ∝
(
3 1 J
0 0 0

)
= −

√
3

35
δJ,2 (A6)

A3,±1,1,∓1 ∝
(

3 1 J
±1 ∓1 0

)
=

√
2

35
δJ,2 (A7)

which leads to the following relations

A2,1,1,−1 +A2,−1,1,1 = −
√
3A2,0,1,0 (A8)

A3,1,1,−1 = A3,−1,1,1 = −
√

2

3
A3,0,1,0. (A9)
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Explicit expansion of the spherical harmonics in Eq. (A1) results to

WL(k̂L, ŝL) =
1

4π
A0,0,0,0 +

√
5

8π
A2,0,0,0

(
3k2z − 1

)
+

√
3

4π
A1,0,0,0kz +

√
3

4π
A0,0,1,0sz

+
3

4π
A1,0,1,0kzsz +

√
15

8π
A2,0,1,0

(
3k2z − 1

)
sz +

√
21

8π
A3,0,1,0

(
5k2z − 3

)
kzsz

− 3

8π
(A1,−1,1,1 +A1,1,1,−1) (kxsx + kysy)−

3i

8π
(A1,−1,1,1 −A1,1,1,−1) (sykx − sxky)

− 3
√
5

8π
(A2,−1,1,1 +A2,1,1,−1) (kxsx + kysy) kz −

3i
√
5

8π
(A2,−1,1,1 −A2,1,1,−1) (sykx − sxky) kz

− 3

16π

√
7

2
(A3,−1,1,1 +A3,1,1,−1) (kxsx + kysy)

(
5k2z − 1

)
− 3i

16π

√
7

2
(A3,−1,1,1 −A3,1,1,−1) (sykx − sxky)

(
5k2z − 1

)
(A10)

Using the relations Eqs. (A8)-(A9), we can regroup the following terms:

√
15

8π
A2,0,1,0

(
3k2z − 1

)
sz −

3
√
5

8π
(A2,−1,1,1 +A2,1,1,−1) (kxsx + kysy) kz

=

√
15

8π
A2,0,1,0

[(
3k2z − 1

)
sz + 3 (kxsx + kysy) kz

]
=

√
15

8π
A2,0,1,0 [3 (kxsx + kysy + kzsz) kz − sz] (A11a)

√
21

8π
A3,0,1,0

(
5k2z − 3

)
kzsz −

3

16π

√
7

2
(A3,−1,1,1 +A3,1,1,−1) (kxsx + kysy)

(
5k2z − 1

)
=

√
21

8π
A3,0,1,0

[(
5k2z − 3

)
kzsz + (kxsx + kysy)

(
5k2z − 1

)]
=

√
21

8π
A3,0,1,0

[(
5k2z − 1

)
(kxsx + kysy + kzsz)− 2kzsz

]
(A11b)

Finally, we rearrange Eq. (A10) to obtain the vector form:

WL(k̂L, ŝL) =

[
1

8π
(2A0,0,0,0)

]{
1− 1

2

(
−
√
5
A2,0,0,0

A0,0,0,0

)[
3(k̂ · ẑ)2 − 1

]
+

(√
3
A0,0,1,0

A0,0,0,0

)
(ŝ · ẑ)

−

[
3i
√
5

2

(
A2,−1,1,1 −A2,1,1,−1

A0,0,0,0

)]
(ẑ · ŝ× k̂)(k̂ · ẑ)−

(
−
√
15
A2,0,1,0

A0,0,0,0

)[
3

2
(k̂ · ŝ)(k̂ · ẑ)− 1

2
(ŝ · ẑ)

]
+

(√
3
A1,0,0,0

A0,0,0,0

)
(k̂ · ẑ) +

[
−3i

2

(
A1,−1,1,1 −A1,1,1,−1

A0,0,0,0

)]
(ẑ · ŝ× k̂)

+

−3

2

 (A1,−1,1, +A1,1,1,−1) +
√

7
3A3,0,1,0

A0,0,0,0

 (k̂ · ŝ)

+

[
3A1,0,1,0 +

3
2 (A1,−1,1,1 +A1,1,1,−1)−

√
21A3,0,1,0

A0,0,0,0

]
(k̂ · ẑ)(ŝ · ẑ) +

(
5
√
21

2

A3,0,1,0

A0,0,0,0

)
(k̂ · ẑ)2(k̂ · ŝ)

}
(A12)

Finally, we compare with the original expression of Cherepkov [28]:
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σcross =2A0,0,0,0 (A13a)

β =−
√
5
A2,0,0,0

A0,0,0,0
(A13b)

A =
√
3
A0,0,1,0

A0,0,0,0
(A13c)

η =i
3
√
5

2

(A2,−1,1,1 −A2,1,1,−1)

A0,0,0,0
(A13d)

γ =−
√
15
A2,0,1,0

A0,0,0,0
(A13e)

D =
√
3
A1,0,0,0

A0,0,0,0
(A13f)

C =− i
3

2

(A1,−1,1,1 −A1,1,1,−1)

A0,0,0,0
(A13g)

B1 =− 3

2

 (A1,1,1,−1 +A1,−1,1,1) +
√

7
3A3,0,1,0

A0,0,0,0

 (A13h)

B2 =
3A1,0,1,0 +

3
2 (A1,1,1,−1 +A1,−1,1,1)−

√
21A3,0,1,0

A0,0,0,0
(A13i)

B3 =
5
√
21

2

A3,0,1,0

A0,0,0,0
(A13j)

Using Eq. (A12), we find that there are errors with the the parameters {η,D,C,B1, B2} listed in Ref [28]:

η̃ = −i3
√
5

2

(A2,−1,1,1 −A2,1,1,−1

A0,0,0,0
(A14)

D̃ =
A1,0,0,0

A0,0,0,0
(A15)

C̃ = i
3

2

(A1,−1,1,1 −A1,1,1,−1)

A0,0,0,0
(A16)

B̃1 = −3

2

 (A1,1,1,−1 +A1,−1,1,1)−
√

7
3A3,0,1,0

A0,0,0,0

 (A17)

B̃2 =
A1,0,1,0 +

3
2 (A1,1,1,−1 +A1,−1,1,1)−

√
21A3,0,1,0

A0,0,0,0
(A18)

The rearrangement of terms is completely arbitrary, however, as was shown in Sec. III, the coefficients AL,ML,S,MS

are examples of tensors of rank L + S, which in principle, can be directly measured using a detector setup with a
structure that reflects the corresponding YL,ML

YS,MS
. Now, the parameters Eqs. (14a)-(14j) used by Cherepkov

are formed from combinations of the expansion coefficients AL,ML,S,MS
which means that measuring some of these

parameters will therefore require several detector setups to measure each AL,ML,S,MS
.

Appendix B: Full details on the vector form of the photoionization parameters

We provide the full details of the calculation leading to Eq. (28) of the main text. Using Eq. (20), the photoion-
ization yield is now

WL(k̂L, ŝL) =

∫
dρ

∑
µL
1 ,µL

2

∑
µM
1 ,µM

2

(D⃗L
k⃗MµM

1

· E⃗L)D
1/2∗
µM
1 ,µL

1

(
I+ ŝL · σ̂L

2

)
µL
1 ,µL

2

D
1/2

µM
2 ,µL

2
(D⃗L∗

k⃗M ,µM
2

· E⃗L∗). (B1)

The relevant quantity to calculate is the product:

∑
µL
1 ,µL

2

D
1/2∗
µM
1 ,µL

1

(
I+ ŝL · σ̂L

2

)
µL
1 ,µL

2

D
1/2

µM
2 ,µL

2

=
√
π

[
1 0
0 1

]
µM
1 ,µM

2

Y0,0(ŝ
L) +

√
π

3

[
cosβ −eiγ sinβ

−e−iγ sinβ − cosβ

]
µM
1 ,µM

2

Y1,0(ŝ
L)

−
√
π

6

[
e−iα sinβ e−i(α−γ)(−1 + cosβ)

e−i(α+γ)(1 + cosβ) −e−iα sinβ

]
µM
1 ,µM

2

Y1,1(ŝ
L)
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+

√
π

6

[
eiα sinβ ei(α+γ)(1 + cosβ)

ei(α−γ)(−1 + cosβ) −eiα sinβ

]
µM
1 ,µM

2

Y1,−1(ŝ
L), (B2)

which follows from Eqs. (18) and (19). The expression Eq. (B2) can then be simplified by rewriting the matrix
elements as scalar products of a molecular vector âM and an effective electric field ϵ̂L, i.e., (âL · ϵ̂L) = [(Rρâ

M ) · ϵ̂L],
where, Rρ is the Euler rotation matrix (zyz-convention):

Rρ =

− sinα sin γ + cosα cosβ cos γ − sinα cos γ − cosα cosβ sin γ cosα sinβ
cosα sin γ + sinα cosβ cos γ cosα cos γ − sinα cosβ sin γ sinα sinβ

− sinβ cos γ sinβ sin γ cosβ

 , (B3)

that rotates vectors from the molecular frame to the laboratory frame. We denote the molecular x, y, z-axes by the
unit vectors {χ̂M , η̂M , ζ̂M}, and the effective electric fields as

ϵ̂L0 = ẑL , ϵ̂L± =
∓(x̂L ± iŷL)√

2
, (B4)

where, the unit vectors {x̂L, ŷL, ẑL} denote the laboratory x, y, z-axes. It easily follows that

cosβ = (Rρζ̂
M ) · ϵ̂L0 = ζ̂L · ϵ̂L0 (B5)

e±iγ sinβ = −
[
Rρ

(
χ̂M ∓ iη̂M

)]
· ϵ̂L0 = −

(
χ̂L ∓ iη̂L

)
· ϵ̂L0 (B6)

e±iα sinβ = ∓
√
2
(
Rρζ̂

M
)
· ϵ̂L± = ∓

√
2
(
ζ̂L · ϵ̂L±

)
(B7)

e±i(α+γ)(1 + cosβ) = ∓
√
2
[
Rρ

(
χ̂M ∓ iη̂M

)]
· ϵ̂L± = ∓

√
2
(
χ̂L ∓ iη̂L

)
· ϵ̂L± (B8)

e±i(α−γ)(−1 + cosβ) = ∓
√
2
[
Rρ

(
χ̂M ± iη̂M

)]
· ϵ̂L± = ∓

√
2
(
χ̂L ± iη̂L

)
· ϵ̂L± (B9)

such that we can now express Eq. (B2) as∑
µL
1 ,µL

2

D
1/2∗
µM
1 ,µL

1

(
I+ ŝL · σ̂L

2

)
µL
1 ,µL

2

D
1/2

µM
2 ,µL

2

=
√
π

[
1 0
0 1

]
µM
1 ,µM

2

Y0,0(ŝ
L) +

√
π

3

{[
ζ̂L χ̂L − iη̂L

χ̂L + iη̂L −ζ̂L

]
· ϵ̂L0
}

µM
1 ,µM

2

Y1,0(ŝ
L)

−
√
π

3

{[
ζ̂L χ̂L − iη̂L

χ̂L + iη̂L −ζ̂L

]
· ϵ̂L−

}
µM
1 ,µM

2

Y1,1(ŝ
L)

−
√
π

3

{[
ζ̂L χ̂L − iη̂L

χ̂L + iη̂L −ζ̂L

]
· ϵ̂L+

}
µM
1 ,µM

2

Y1,−1(ŝ
L)

=
√
πδµM

1 ,µM
2
Y0,0(ŝ

L) +

√
π

3

(
σ̂L
µM
1 ,µM

2
· ϵ̂L0
)
Y1,0(ŝ

L)

−
√
π

3

(
σ̂L
µM
1 ,µM

2
· ϵ̂L−

)
Y1,1(ŝ

L)−
√
π

3

(
σ̂L
µM
1 ,µM

2
· ϵ̂L+

)
Y1,−1(ŝ

L) (B10)

where, we introduced the vector of Pauli spin matrices σ̂L = σxχ̂
L + σyη̂

L + σz ζ̂
L. Substituting Eq. (B10) into Eq.

(B1), we obtain a compact vector expression of the yield:

WL(k̂L, ŝL, ρ) =
∑
ℓs,ms

WL
ℓs,ms

(k̂L, ρ)Yℓs,ms
(ŝL) (B11a)

WL
ℓs,ms

(k̂L, ρ) =
∑

µM
1 ,µM

2

(−1)ms

√
π

2ℓs + 1
Λ
(ℓs,ms)

µM
1 ,µM

2

(
D⃗L

k⃗M ,µM
1

· E⃗L
)(

D⃗L∗
k⃗M ,µM

2

· E⃗L∗
)

(B11b)



16

Λ
(ℓs,ms)

µM
1 ,µM

2
=

{
δµM

1 ,µM
2

; ℓs = 0(
σ̂L
µM
1 ,µM

2
· ϵ̂L−ms

)
; ℓs = 1

(B11c)

Since WL(k̂L, ŝL) depends on two directions, we can equivalently perform an expansion

WL(k̂L, ŝL) =
∑

bℓ,mℓ,ℓs,ms
Yℓ,mℓ

(k̂L)Yℓs,ms
(ŝL) (B12)

wherein, the coefficients bl,ml,ls,ms
now encode any information about the molecule and ionizing field, and have the

form

bl,ml,ls,ms =(−1)ms

√
π

2ℓs + 1

∑
µM
1 ,µM

2

∫
dΘM

k

∫
dρ
(
D⃗L∗

k⃗M ,µM
1

· E⃗L∗
)(

D⃗L
k⃗M ,µM

2

· E⃗L
)
Λ
(ls,ms)

µM
2 ,µM

1
Y ∗
l,ml

(k̂L) (B13)

It follows from Ref. [40] that performing the orientation averaging in Eq. (B13) will yield the general form
∑

ij giMijfj ,
where, gi and fj are rotational invariants that are formed from the set of vectors fixed in the molecular and laboratory
frame, respectively, while Mij are coupling constants between the molecular and rotational invariants. The vectors in

Eq. (B13) that are fixed in the molecular frame are {D⃗M
k⃗M ,µM

, σ̂M
µM ,µM , k̂

M} which appear above to be rotated into

the laboratory frame (a⃗L = Rρa⃗
M ), while the rest are fixed in the laboratory frame. Note that the transition dipoles

D⃗M
k⃗M ,µM

is a molecular property and therefore rotates with the molecular frame while µM refers to either spin up or

down in z-axis of the molecular frame. Thus, to rotate D⃗M
k⃗M ,µM

from the molecular frame to the laboratory frame we

have D⃗L
k⃗M ,µM

= RρD⃗
M
k⃗M ,µM

. Similarly, we have σ̂L
µM ,µM = Rρσ̂

M
µM ,µM .

To evaluate the expansion coefficients bl,ml,ls,ms ’s, we use the following vector identities from Ref. [40]:∫
dρ(a⃗L · r⃗L)(⃗bL · s⃗L) =1

3

(
a⃗M · b⃗M

) (
r⃗L · s⃗L

)
. (B14)

∫
dρ(a⃗L · r⃗L)(⃗bL · s⃗L)(c⃗L · t⃗L) =1

6

(
a⃗M · b⃗M × c⃗M

) (
r⃗L · s⃗L × t⃗L

)
. (B15)

∫
dρ(a⃗L · r⃗L)(⃗bL · s⃗L)(c⃗L · t⃗L)(d⃗L · u⃗L) =

1

30

(a⃗M · b⃗M )(c⃗M · d⃗M )

(a⃗M · c⃗M )(⃗bM · d⃗M )

(a⃗M · d⃗M )(⃗bM · c⃗M )

T  4 −1 −1
−1 4 −1
−1 −1 4

 (r⃗L · s⃗L)(⃗tL · u⃗L)

(r⃗L · t⃗L)(s⃗L · u⃗L)
(r⃗L · u⃗L)(s⃗L · u⃗L)

 . (B16)

∫
dρ(a⃗L · r⃗L)(⃗bL · s⃗L)(c⃗L · t⃗L)(d⃗L · u⃗L)(f⃗L · v⃗L)

=
1

30

{
(a⃗M · b⃗M × c⃗M )(d⃗M · f⃗M )(r⃗L · s⃗L × t⃗L)(u⃗L · v⃗L) + (a⃗M · b⃗M × d⃗M )(c⃗M · f⃗M )(r⃗L · s⃗L × u⃗L)(⃗tL · v⃗L)

+ (a⃗M · b⃗M × f⃗M )(c⃗M · d⃗M )(r⃗L · s⃗L × v⃗L)(⃗tL · u⃗L) + (a⃗M · c⃗M × d⃗M )(⃗bM · f⃗M )(r⃗L · t⃗L × u⃗L)(s⃗L · v⃗L)

+ (a⃗M · c⃗M × f⃗M )(⃗bM · d⃗M )(r⃗L · t⃗L × v⃗L)(s⃗L · u⃗L) + (a⃗M · d⃗M × f⃗M )(⃗bM · c⃗M )(r⃗L · u⃗L × v⃗L)(s⃗L · t⃗L)

+ (⃗bM · c⃗M × d⃗M )(a⃗M · f⃗M )(s⃗L · t⃗L × u⃗L)(r⃗L · v⃗L) + (⃗bM · c⃗M × f⃗M )(a⃗M · d⃗M )(s⃗L · t⃗L × v⃗L)(r⃗L · u⃗L)

+ (⃗bM · d⃗M × f⃗M )(a⃗M · c⃗M )(s⃗L · u⃗L × v⃗L)(r⃗L · t⃗L) + (c⃗M · d⃗M × f⃗M )(a⃗M · b⃗M )(⃗tL · u⃗L × v⃗L)(r⃗L · s⃗L)
}
.

(B17)

∫
dρ(a⃗L · r⃗L)(⃗bL · s⃗L)(c⃗L · t⃗L)(d⃗L · u⃗L)(f⃗L · v⃗L)(g⃗L · w⃗L) = G⃗(6) · M(6)F⃗ (6) (B18a)
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M(6) =
1

210



16 −5 −5 −5 2 2 −5 2 2 2 2 −5 2 2 −5
−5 16 −5 2 −5 2 2 2 −5 −5 2 2 2 −5 2
−5 −5 16 2 2 −5 2 −5 2 2 −5 2 −5 2 2
−5 2 2 16 −5 −5 −5 2 2 2 −5 2 2 −5 2
2 −5 2 −5 16 −5 2 −5 2 −5 2 2 2 2 −5
2 2 −5 −5 −5 16 2 2 −5 2 2 −5 −5 2 2
−5 2 2 −5 2 2 16 −5 −5 −5 2 2 −5 2 2
2 2 −5 2 −5 2 −5 16 −5 2 −5 2 2 2 −5
2 −5 2 2 2 −5 −5 −5 16 2 2 −5 2 −5 2
2 −5 2 2 −5 2 −5 2 2 16 −5 −5 −5 2 2
2 2 −5 −5 2 2 2 −5 2 −5 16 −5 2 −5 2
−5 2 2 2 2 −5 2 2 −5 −5 −5 16 2 2 −5
2 2 −5 2 2 −5 −5 2 2 −5 2 2 16 −5 −5
2 −5 2 −5 2 2 2 2 −5 2 −5 2 −5 16 −5
−5 2 2 2 −5 2 2 −5 2 2 2 −5 −5 −5 16



(B18b)

G⃗(6) =



(a⃗M · b⃗M )(c⃗M · d⃗M )(f⃗M · g⃗M )

(a⃗M · b⃗M )(c⃗M · f⃗M )(d⃗M · g⃗M )

(a⃗M · b⃗M )(c⃗M · g⃗M )(d⃗M · f⃗M )

(a⃗M · c⃗M )(⃗bM · d⃗M )(f⃗M · g⃗M )

(a⃗M · c⃗M )(⃗bM · f⃗M )(d⃗M · g⃗M )

(a⃗M · c⃗M )(⃗bM · g⃗M )(d⃗M · f⃗M )

(a⃗M · d⃗M )(⃗bM · c⃗M )(f⃗M · g⃗M )

(a⃗M · d⃗M )(⃗bM · f⃗M )(c⃗M · g⃗M )

(a⃗M · d⃗M )(⃗bM · g⃗M )(c⃗M · f⃗M )

(a⃗M · f⃗M )(⃗bM · c⃗M )(d⃗M · g⃗M )

(a⃗M · f⃗M )(⃗bM · d⃗M )(c⃗M · g⃗M )

(a⃗M · f⃗M )(⃗bM · g⃗M )(c⃗M · d⃗M )

(a⃗M · g⃗M )(⃗bM · c⃗M )(d⃗M · f⃗M )

(a⃗M · g⃗M )(⃗bM · d⃗M )(c⃗M · f⃗M )

(a⃗M · g⃗M )(⃗bM · f⃗M )(c⃗M · d⃗M )



T

F⃗ (6) =



(r⃗L · s⃗L)(⃗tL · u⃗L)(v⃗L · w⃗L)

(r⃗L · s⃗L)(⃗tL · v⃗L)(u⃗L · w⃗L)

(r⃗L · s⃗L)(⃗tL · w⃗L)(u⃗L · v⃗L)

(r⃗L · t⃗L)(s⃗L · u⃗L)(v⃗L · w⃗L)

(r⃗L · t⃗L)(s⃗L · v⃗L)(u⃗L · w⃗L)

(r⃗L · t⃗L)(s⃗L · w⃗L)(u⃗L · v⃗L)

(r⃗L · u⃗L)(s⃗L · t⃗L)(v⃗L · w⃗L)

(r⃗L · u⃗L)(s⃗L · v⃗L)(⃗tL · w⃗L)

(r⃗L · u⃗L)(s⃗L · w⃗L)(⃗tL · v⃗L)

(r⃗L · v⃗L)(s⃗L · t⃗L)(u⃗L · w⃗L)

(r⃗L · v⃗L)(s⃗L · u⃗L)(⃗tL · w⃗L)

(r⃗L · v⃗L)(s⃗L · w⃗L)(⃗tL · u⃗L)

(r⃗L · w⃗L)(s⃗L · t⃗L)(u⃗L · v⃗L)

(r⃗L · w⃗L)(s⃗L · u⃗L)(⃗tL · v⃗L)

(r⃗L · w⃗L)(s⃗L · v⃗L)(⃗tL · u⃗L)



(B18c)

Performing the necessary operations, we obtain

b0,0,0,0 =
1

6

∑
µM

∫
dΘM

k

∣∣∣D⃗M
k⃗M ,µM

∣∣∣2
∣∣∣E⃗L

∣∣∣2 (B19)

b1,0,0,0 =
1

4
√
3

∑
µM

∫
dΘM

k

[
k̂M ·

(
iD⃗M∗

k⃗M ,µM × D⃗M
k⃗M ,µM

)][ẑL ·
(
−iE⃗L∗ × E⃗L

)]
=

ξ

4
√
3

{∫
dΘM

k

[
k̂M · Tr

(
B⃗M
k⃗M

)]} ∣∣∣E⃗L
∣∣∣2 (B20)

b2,0,0,0 =
1

12
√
5

∑
µM

∫
dΘM

k

(∣∣∣D⃗M
k⃗M ,µM

∣∣∣2 − 3
∣∣∣k̂M · D⃗M

k⃗M ,µM

∣∣∣2)
 ∣∣∣E⃗L

∣∣∣2

=
1

12
√
5

∑
µM

∫
dΘM

k

∣∣∣D⃗M
k⃗M ,µM

∣∣∣2 − 3

∫
dΘM

k Tr
(
k̂M · K⃗M

k⃗M

)∣∣∣E⃗L
∣∣∣2 , (B21)

b0,0,1,0 =
1

12
√
3

 ∑
µM
1 ,µM

2

∫
dΘM

k

[
σ̂µM

2 ,µM
1

·
(
iD⃗M∗

k⃗M ,µM
1

× D⃗M
k⃗M ,µM

2

)][ẑL ·
(
−iE⃗L∗ × E⃗L

)]
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=
ξ

12
√
3

[∫
dΘM

k Tr
(
σ̂M · B⃗M

k⃗M

)] ∣∣∣E⃗L
∣∣∣2 (B22)

b1,0,1,0 =
1

15

 ∑
µM
1 ,µM

2

∫
dΘM

k

[(
D⃗M∗

k⃗M ,µM
1

· D⃗M
k⃗M ,µM

2

)(
σ̂µM

2 ,µM
1

· k̂M
)]∣∣∣E⃗L

∣∣∣2

− 1

30

 ∑
µM
1 ,µM

2

∫
dΘM

k Re
[(

D⃗M∗
k⃗M ,µM

1

· σ̂µM
2 ,µM

1

)(
D⃗M

k⃗M ,µM
2

· k̂M
)]∣∣∣E⃗L

∣∣∣2
=

1

30

{∫
dΘM

k

[
2
(
k̂M · S⃗M

k⃗M

)
− Tr

[
Re
(
σ̂M · K⃗M

k⃗M

)]]} ∣∣∣E⃗L
∣∣∣2 (B23)

b1,1,1,−1 + b1,−1,1,1 =− 1

10

 ∑
µM
1 ,µM

2

∫
dΘM

k

[(
D⃗M∗

k⃗M ,µM
1

· D⃗M
k⃗M ,µM

2

)(
σ̂µM

2 ,µM
1

· k̂M
)]∣∣∣E⃗L

∣∣∣2

− 1

30

 ∑
µM
1 ,µM

2

∫
dΘM

k Re
[(

D⃗M∗
k⃗M ,µM

1

· σ̂µM
2 ,µM

1

)(
D⃗M

k⃗M ,µM
2

· k̂M
)]∣∣∣E⃗L

∣∣∣2
=− 1

30

{∫
dΘM

k

[
3
(
k̂M · S⃗M

k⃗M

)
+Tr

[
Re
(
σ̂M · K⃗M

k⃗M

)]]} ∣∣∣E⃗L
∣∣∣2 (B24)

b1,−1,1,1 − b1,1,1,−1 =
i

12

 ∑
µM
1 ,µM

2

∫
dΘM

k

[(
k̂M × σ̂µM

2 ,µM
1

)
·
(
iD⃗M∗

k⃗M ,µM
1

× D⃗M
k⃗M ,µM

2

)][ẑL ·
(
−iE⃗L∗ × E⃗L

)]
=i

ξ

12

{∫
dΘM

k

[
k̂M · Tr

(
σ̂M × B⃗M

k⃗M

)]} ∣∣∣E⃗L
∣∣∣2 (B25)

b2,0,1,0 =− 1

12
√
15

 ∑
µM
1 ,µM

2

∫
dΘM

k

{(
k̂M × σ̂M

µM
2 ,µM

1

)
·
[
k̂M ×

(
iD⃗M∗

k⃗M ,µM
1

× D⃗M
k⃗M ,µM

2

)]}[ẑL ·
(
−iE⃗L∗ × E⃗L

)]

+
1

6
√
15

 ∑
µM
1 ,µM

2

∫
dΘM

k

{(
k̂M · σ̂M

µM
2 ,µM

1

) [
k̂M ·

(
iD⃗M∗

k⃗M ,µM
1

× D⃗M
k⃗M ,µM

2

)]}[ẑL ·
(
−iE⃗L∗ × E⃗L

)]
=− ξ

12
√
15

{∫
dΘM

k Tr
[(

k̂M × σ̂M
)
·
(
k̂M × B⃗M

k⃗M

)
− 2

(
k̂M · σ̂M

)(
k̂M · B⃗M

k⃗M

)]} ∣∣∣E⃗L
∣∣∣2 (B26)

b2,−1,1,1 − b2,1,1,−1 =− i

6
√
5

 ∑
µM
1 ,µM

2

∫
dΘM

k Re
{[(

k̂M × σ̂M
µM
2 ,µM

1

)
· D⃗M∗

k⃗M ,µM
1

] (
k̂M · D⃗M

k⃗M ,µM
2

)}∣∣∣E⃗L
∣∣∣2

=− i

6
√
5

{∫
dΘM

k Re
[
k̂M · Tr

(
σ̂M × K⃗M

k⃗M

)]} ∣∣∣E⃗L
∣∣∣2 (B27)

b3,0,1,0 =
1

20
√
21

 ∑
µM
1 ,µM

2

∫
dΘM

k

[(
D⃗M∗

k⃗M ,µM
1

· D⃗M
k⃗M ,µM

2

)(
σ̂µM

2 ,µM
1

· k̂M
)]∣∣∣E⃗L

∣∣∣2

+
1

10
√
21

 ∑
µM
1 ,µM

2

∫
dΘM

k Re
[(

D⃗M∗
k⃗M ,µM

1

· σ̂µM
2 ,µM

1

)(
D⃗M

k⃗M ,µM
2

· k̂M
)]∣∣∣E⃗L

∣∣∣2
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− 1

4
√
21

 ∑
µM
1 ,µM

2

∫
dΘM

k

[(
k̂M · D⃗M∗

k⃗M ,µM
1

)(
k̂M · D⃗M∗

k⃗M ,µM
2

)(
σ̂µM

2 ,µM
1

· k̂M
)]∣∣∣E⃗L

∣∣∣2
=

1

20
√
21

{∫
dΘM

k

[(
k̂M · S⃗M

k⃗M

)
+Tr

[
2Re

(
σ̂M · K⃗M

k⃗M

)
− 5

(
σ̂M · k̂M

)(
k̂M · K⃗M

k⃗M

)]]} ∣∣∣E⃗L
∣∣∣2 (B28)

wherein, we introduced the following quantities(
B⃗M
k⃗M

)
µM
1 ,µM

2

= iD⃗M∗
k⃗M ,µM

1

× D⃗M
k⃗M ,µM

2

(B29)

S⃗M
k⃗M =

∑
µM
1 ,µM

2

(
D⃗M∗

k⃗M ,µM
1

· D⃗M
k⃗M ,µM

2

)
σ̂µM

2 ,µM
1

(B30)

(
K⃗M

k⃗M

)
µM
1 ,µM

2

= D⃗M∗
k⃗M ,µM

1

(
k̂M · D⃗M

k⃗M ,µM
2

)
(B31)

and ξ = ±1 is a dichroic parameter characterizing the rotation of the light polarization vector. We did not list the
explicit form for the coefficients b2,±1,1,∓1, b3,±1,1,∓1 since these also satisfy Eqs. (A8) and (A9). The photoionization
parameters Eq. (28) are then simply obtained by substituting the coefficients bℓ,mℓ,ℓs,ms

into Eq. (14).

Appendix C: Recovering Cherepkov’s expression

Recall that Cherepkov’s expansion coefficients for the photoionization yield are given as

AL,ML,S,MS
=
4π

√
2π

3
|EL

ω |2
∑

(−1)m
′
2+ξ′−ξ+µ′

2−1/2(2J + 1)

√
(2ℓ1 + 1)(2ℓ2 + 1)(2L+ 1)

4π

×
(
ℓ2 ℓ1 L
0 0 0

)(
ℓ2 ℓ1 L
m′

2 −m′
1 M ′

L

)(
1 1 J
ξ′′ −ξ′ −M ′

J

)(
1 1 J
ξ −ξ 0

)
×
(

1
2

1
2 S

µ′
2 −µ′

1 M ′
S

)(
L S J
M ′

L M ′
S M ′

J

)(
L S J

−ML −MS 0

)
(D

ℓ1,m
′
1,µ

′
1

ξ′ )∗D
ℓ2,m

′
2,µ

′
2

ξ′′ . (C1)

It will be non-trivial to prove that AL,ML,S,MS
= bL,ML,S,MS

for all non-zero values of AL,ML,S,MS
. Here, we shall

only explicitly show that we can use AL,ML,S,MS
, i.e.,

D =

√
3A1,0,0,0

A0,0,0,0
(C2)

A =

√
3A0,0,1,0

A0,0,0,0
(C3)

C =− i
3(A1,−1,1,1 −A1,1,1,−1)

2A0,0,0,0
(C4)

and recover the expressions for the parameters {D,A,C} in Eq. (28). This direct equivalence together with
b2,±1,1,∓1, b3,±1,1,∓1 satisfying Eqs. (A8) and (A9) is then enough to provide confidence on the equivalence of the two
approaches. In the succeeding expressions, we shall use the spherical components of a vector (see for example Ref.
[48]),

V0 = Vz , V± = ∓ 1√
2
(Vx ± iVy) (C5)

such that the dot and scalar products can be written as

A⃗ · B⃗ =
∑
q

(−1)qAqB−q (C6)
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(A⃗× B⃗)r =− i
√
6(−1)r

(
1 1 1
p q −r

)
ApBq. (C7)

We first consider the normalizing factor A0,0,0,0, which upon evaluating the 3j−symbols will simplify to

A0,0,0,0 =
4π

√
π

9
|EL

ω |2
∑

(−1)m
′
1

√
(2ℓ1 + 1)(2ℓ2 + 1)

4π

(
ℓ2 ℓ1 0
0 0 0

)(
ℓ2 ℓ1 0
m′

2 −m′
1 0

)
(D

ℓ1,m
′
1,µ

′
1

ξ′ )∗D
ℓ2,m

′
2,µ

′
1

ξ′

=
2π

9
|EL

ω |2
∑∫

dΘM
k (−1)ξ

′
(D⃗ℓ1,m

′
1,µ

′
1∗)−ξ′D

ℓ2,m
′
2,µ

′
1

ξ′ Y ∗
ℓ1,m′

1
(k̂M )Yℓ2,m′

2
(k̂M )

=
2π

9
|EL

ω |2
∑∫

dΘM
k Y

∗
ℓ1,m′

1
(k̂M )Yℓ2,m′

2
(k̂M )

[
D⃗ℓ1,m

′
1,µ

′
1∗ · D⃗ℓ2,m

′
2,µ

′
1

]
=
1

6
|EL

ω |2
∑

µM=± 1
2

∫
dΘM

k

∣∣∣D⃗M
k⃗M ,µM

∣∣∣2 (C8)

The second line follows from the following definitions

(Vq)
∗ = (−1)q(V⃗ ∗)−q (C9)

∫
dΘkYℓ1,m′

1
(k̂)Yℓ2,m′

2
(k̂)YL,M ′

L
(k̂) =

√
(2ℓ1 + 1)(2ℓ2 + 1)(2L+ 1)

4π

(
ℓ2 ℓ1 L
0 0 0

)(
ℓ2 ℓ1 L
m′

2 m′
1 M ′

L

)
, (C10)

while the third line follows from Eq. (C6). The last line follows from the definition of the dipole matrix elements Eq.
(8), i.e.,

D⃗M
k⃗M ,µM = ⟨Ψ(−)

k⃗M ,µM
|d⃗M |ψi⟩ =

∑
ℓ,m

〈
φ
(−)

ℓ,m,µMY
∗
ℓ,m(k̂M )

∣∣∣∣
√

4π

3
rY1,qêq

∣∣∣∣ψi

〉
=

√
4π

3

∑
ℓ,m

D⃗ℓ,m,µYℓ,m(k̂M ) (C11)

Repeating the same steps for A1,0,0,0, we get

A1,0,0,0 =
4π

3

√
π

6
ξ|EL

ω |2
∑

(−1)m
′
1+ξ′

√
3(2ℓ1 + 1)(2ℓ2 + 1)

4π

(
ℓ2 ℓ1 1
0 0 0

)(
ℓ2 ℓ1 1
m′

2 −m′
1 M ′

L

)(
1 1 1

−ξ′ ξ′′ M ′
L

)
(D

ℓ1,m
′
1,µ

′
1

ξ′ )∗D
ℓ2,m

′
2,µ

′
1

ξ′

=
4π

3

√
π

6
ξ|EL

ω |2
∑∫

dΘM
k

(
1 1 1

−ξ′ ξ′′ M ′
L

)
(D⃗ℓ1,m

′
1,µ

′
1∗)−ξ′D

ℓ2,m
′
2,µ

′
1

ξ′ Y1,M ′
L
(k̂M )Y ∗

ℓ1,m′
1
(k̂M )Yℓ2,m′

2
(k̂M )

=

√
π

6
ξ|EL

ω |2
∑∫

dΘM
k (−1)M

′
LY1,M ′

L
(k̂M )

(
iD⃗M∗

k⃗M ,µM × D⃗M
k⃗M ,µM

)
−M ′

L

=
1

4
√
3
ξ|EL

ω |2
∑

µM

∫
dΘM

k

[
k̂M ·

(
iD⃗M∗

k⃗M ,µM × D⃗M
k⃗M ,µM

)]
=

1

4
√
3
ξ|EL

ω |2
∫
dΘM

k

[
k̂M · Tr(B⃗M

k⃗M )
]

(C12)

Substituting Eqs. (C8) and (C12) into Eq. (C2) we thus obtain

D =

√
3A1,0,0,0

A0,0,0,0
=

3

2S0

∫
dΘM

k

[
k̂M · Tr(B⃗M

k⃗M )
]

(C13)

S0 =
∑

µM=± 1
2

∫
dΘM

k

∣∣∣D⃗M
k⃗M ,µM

∣∣∣2 (C14)

which is exactly equal to Eq. (28f).
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Next, we have A0,0,1,0 which simplifies to

A0,0,1,0 =
4π

3

√
π

3
ξ|EL

ω |2
∑

(−1)M
′
S+m′

1+ξ′+µ′
2+−1/2

√
(2ℓ1 + 1)(2ℓ2 + 1)

4π

(
ℓ1 ℓ2 0
0 0 0

)(
ℓ2 ℓ1 0
m′

2 −m′
1 0

)
(

1 1 1
−ξ′ ξ′′ M ′

S

)(
1
2

1
2 1

µ′
2 −µ′

1 M ′
S

)
(D

ℓ1,m
′
1,µ

′
1

ξ′ )∗D
ℓ2,m

′
2,µ

′
1

ξ′

=
2π

3
√
3
ξ|EL

ω |2
∑∫

dΘM
k (−1)µ

′
2−1/2

(
1
2

1
2 1

µ′
2 −µ′

1 M ′
S

)
(−1)M

′
S

(
1 1 1

−ξ′ ξ′′ M ′
S

)
(D⃗ℓ1,m

′
1,µ

′
1∗)−ξ′D

ℓ2,m
′
2,µ

′
1

ξ′ Y ∗
ℓ1,m′

1
(k̂M )Yℓ2,m′

2
(k̂M )

=
1

6
√
2
ξ|EL

ω |2
∑∫

dΘM
k (−1)µ

′
2−1/2

(
1
2

1
2 1

µ′
2 −µ′

1 M ′
S

)(
iD⃗M∗

k⃗M ,µ′
1

× D⃗M
k⃗M ,µ′

2

)
−M ′

S

=
1

12
√
3
ξ|EL

ω |2
∑∫

dΘM
k

[
σ̂µM

2 ,µM
1

·
(
iD⃗M∗

k⃗M ,µM
1

× D⃗M
k⃗M ,µM

2

)]
=

1

12
√
3
ξ|EL

ω |2
∫
dΘM

k Tr
(
σ̂M · B⃗M

k⃗M

)
(C15)

which together with Eq. (C8) is exactly equal to Eq. (28f). The last line follows from expanding the summation over
M ′

S and rewriting the covariant spherical basis vectors in terms of σ̂µ2,µ1
.

Last, we have

A1,−1,1,+1 −A1,+1,1,−1 =
4π

√
2π

3
ξ|EL

ω |2
∑

(−1)m
′
1+M ′

L+ξ′+µ′
2−1/2

√
3(2ℓ1 + 1)(2ℓ2 + 1)

4π(
ℓ1 ℓ2 1
0 0 0

)(
ℓ2 ℓ1 1
m′

2 −m′
1 M ′

L

)(
1 1 1

−ξ′ ξ′′ −M ′
J

)(
1
2

1
2 1

µ′
2 −µ′

1 M ′
S

)
(

1 1 1
M ′

L M ′
S M ′

J

)
(D

ℓ1,m
′
1,µ

′
1

ξ′ )∗D
ℓ2,m

′
2,µ

′
1

ξ′

=
4π

√
2π

3
ξ|EL

ω |2
∑∫

dΘM
k (−1)µ

′
2−1/2

(
1
2

1
2 1

µ′
2 −µ′

1 M ′
S

)
(−1)M

′
L

(
1 1 1
M ′

L M ′
S M ′

J

)
Y1,M ′

L
(k̂M )(

1 1 1
−ξ′ ξ′′ −M ′

J

)
(D⃗ℓ1,m

′
1,µ

′
1∗)−ξ′D

ℓ2,m
′
2,µ

′
1

ξ′ Y ∗
ℓ1,m1

(k̂M )Yℓ2,m2(k̂
M )

=− i

2
√
6
ξ|EL

ω |2
∑∫

dΘM
k (−1)µ

′
2−1/2

(
1
2

1
2 1

µ′
2 −µ′

1 M ′
S

)[
k̂M ×

(
iD⃗M∗

k⃗M ,µ′
1

× D⃗M
k⃗M ,µ′

2

)]
=
i

12
ξ|EL

ω |2
∫
dΘM

k

[
k̂M · Tr

(
σ̂M × B⃗M

k⃗M

)]
(C16)

which is exactly equal to Eq. (28g) after normalizing with Eq. (C8).
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